Introduction and Main Result {#Sec1}
============================

Local Conformal Symmetry {#Sec2}
------------------------

Two-dimensional conformal field theory (CFT) is characterized by local conformal symmetry, an infinite dimensional symmetry that strongly constrains the theory. A formulation of this symmetry can be summarised as follows \[[@CR9]\]. The basic data of CFT are *correlation functions*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \left\langle \prod _{i=1}^NV_{\alpha _{i}}(x_{i})\right\rangle _{\Sigma ,g} \end{aligned}$$\end{document}$$of *primary fields*$\documentclass[12pt]{minimal}
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                \begin{document}$$V_{\alpha }(z)$$\end{document}$ defined on a compact two-dimensional surface $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma $$\end{document}$ equipped with a smooth Riemannian metric *g*. In a probabilistic formulation of CFT the angular bracket $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \cdot \rangle _{\Sigma ,g}$$\end{document}$ is an expectation in a suitable positive (not necessarily probability) measure and the primary fields often are (distribution valued) random fields.

The local conformal symmetry arises from the transformation properties of the correlation functions under the action of the groups of smooth diffeomorphisms and local Weyl transformations of the metric. The former acts by pullback on the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$g \mapsto \psi ^*g$$\end{document}$ and the latter acts by a local scale transformation $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi \in C^\infty (\Sigma ,{\mathbb {R}})$$\end{document}$. In axiomatic CFT one postulates[1](#Fn1){ref-type="fn"}$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\left\langle \prod _{i=1}^N V_{\alpha _{i}}(x_{i})\right\rangle _{\Sigma ,\psi ^{*}g} = \left\langle \prod _{i=1}^NV_{\alpha _{i}}(\psi (x_{i}))\right\rangle _{\Sigma ,g} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} A(\varphi ,g)&=\tfrac{1}{96\pi }\int ( |\nabla _{g}\varphi |^{2}+2R_{g}\varphi )dv_{g} \end{aligned}$$\end{document}$$and the constant *c* is the central charge of the CFT, which in our case will belong to the interval $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _{\alpha }$$\end{document}$ is called the conformal weight of the field $\documentclass[12pt]{minimal}
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                \begin{document}$$V_{\alpha }$$\end{document}$. We denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$v_g$$\end{document}$ the Riemannian volume measure and by $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{g}$$\end{document}$ the curvature scalar (see "Appendix").

The *stress-energy tensor* field $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{\mu \nu }(z)$$\end{document}$ is a symmetric 2 by 2 complex matrix valued field defined indirectly through the formal variation of the (inverse of the) metric at a point $\documentclass[12pt]{minimal}
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                \begin{document}$$z \in \Sigma $$\end{document}$ in the correlation function ([1.1](#Equ1){ref-type=""}) (the precise definition can be found in Sect. [3.2](#Sec13){ref-type="sec"}):$$\documentclass[12pt]{minimal}
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                \begin{document}$$g^{\mu _i \nu _i}$$\end{document}$ denotes a component of the inverse of the metric *g*. The functions on the right-hand side of ([1.5](#Equ5){ref-type=""}) turn out to be analytic or anti-analytic in the variables $\documentclass[12pt]{minimal}
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                \begin{document}$$z_i$$\end{document}$ in the complex coordinates ([4.14](#Equ109){ref-type=""}) as long as $\documentclass[12pt]{minimal}
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                \begin{document}$$z_i \ne x_j$$\end{document}$ for all *i* and *j*. These functions diverge when two variables merge but for certain choices of the indices $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu _i$$\end{document}$ the functions turn out to be meromorphic with poles described by the conformal Ward identities. Let us specialize to the case of the sphere, $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma ={{\mathbb {S}}}^2$$\end{document}$. Then every smooth metric *g* can be obtained from a given one $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{g}}$$\end{document}$ by the action of diffeomorphisms and Weyl transformations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g=e^\varphi \psi ^*{\hat{g}}. \end{aligned}$$\end{document}$$This fact together with the symmetries ([1.2](#Equ2){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) yields the tools for defining and computing the functional derivatives on the right-hand side of ([1.5](#Equ5){ref-type=""}). The result is a recursive formula, the *conformal Ward identity*, that allows to express ([1.5](#Equ5){ref-type=""}) in terms of derivatives (in the $\documentclass[12pt]{minimal}
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                \begin{document}$$x_i$$\end{document}$'s) of ([1.1](#Equ1){ref-type=""}).

Ward identities take an especially simple form in complex coordinates. Recall that a Riemannian metric determines a *complex structure* on $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma $$\end{document}$: a system of local coordinates where the metric takes the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\hat{g}}=\tfrac{1}{2}e^\sigma (dz\otimes d{\bar{z}}+d{\bar{z}}\otimes dz). \end{aligned}$$\end{document}$$In such coordinates consider the *zz*-component of the stress-energy,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\{T_{ij}\}_{i,j=1}^2$$\end{document}$ are the components of *T* in the Euclidean coordinates of the plane. We define$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T(z)=T_{zz}(z)+\frac{c}{12}t(z) \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\{z_i,x_j\}$$\end{document}$ the Ward identity in the case $\documentclass[12pt]{minimal}
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                \begin{document}$$\Sigma = {\mathbb {S}}^2$$\end{document}$ reads$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$(\mu _i,\nu _i)=(z,z)$$\end{document}$ will be expressed in terms of the functions ([1.1](#Equ1){ref-type=""}) and their derivatives in the $\documentclass[12pt]{minimal}
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                \begin{document}$$\{z_i \ne z_j : i \ne j\} \cap \{z_i \ne x_j : \forall \, i, j\}$$\end{document}$.

The conformal Ward identities have been studied before with theoretical physics level of rigour. For a flat background metric the conformal Ward identities were initially derived in \[[@CR3]\]. For a general metric and surface the identities were derived in \[[@CR8]\], where also a term dealing with variation of the moduli of the surface appears. This term originates from the fact that compact Riemann surfaces with positive genus have non-trivial moduli spaces, so variation of the metric can also vary the conformal class of the surface.

Path Integrals and Liouville Conformal Field Theory {#Sec3}
---------------------------------------------------

In constructive quantum field theory one attempts to construct the expectation as a path integral$$\documentclass[12pt]{minimal}
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                \begin{document}$$\phi :\Sigma \rightarrow {\mathbb {R}}$$\end{document}$ (in the scalar case). The symmetries ([1.2](#Equ2){ref-type=""}) and ([1.3](#Equ3){ref-type=""}) should then arise from the corresponding symmetries of the action functional *S* with the anomaly ([1.4](#Equ4){ref-type=""}) arising from the singular nature of the integral in ([1.9](#Equ9){ref-type=""}). A case where this program can be carried out is the Liouville conformal field theory (LCFT hereafter) which was introduced in 1981 by Polyakov \[[@CR18]\] in the context of developing a path integral theory for two-dimensional Riemannian metrics.

Liouville field theory is described by the *Liouville action functional*, which for $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}Q = \tfrac{2}{\gamma } + \tfrac{\gamma }{2}.\end{aligned}$$\end{document}$$The primary fields for LCFT are the *vertex operators*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in {\mathbb {C}}$$\end{document}$. Their conformal weights are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$n=1,2$$\end{document}$). Instead of deriving the conformal Ward identities by varying the background metric, the authors of \[[@CR13]\] defined (the *zz*-component of) the stress-energy tensor directly as the field$$\documentclass[12pt]{minimal}
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                \begin{document}$$n=1,2$$\end{document}$ for a specific metric by Gaussian integration by parts. Generalizing this approach to arbitrary *n* was obstructed by a lack of proof of smoothness of the correlation functions ([1.1](#Equ1){ref-type=""}) (which was later proven \[[@CR17]\]) and the difficulty of simplifying the expressions coming from the integration by parts. It is however necessary to have ([1.8](#Equ8){ref-type=""}) for arbitrary *n* in order to construct the representation of the Virasoro algebra for LCFT. This is the motivation and the objective of the present paper. Its main technical input is the recent proof of smoothness of the LCFT correlation functions by the second author \[[@CR17]\].

Main Result {#Sec4}
-----------

Our main result is a proof of the conformal Ward identities for arbitrarily many *T*-insertions for arbitrary metrics on the sphere by varying the background metric. The precise result is formulated in Propositions [2.3](#FPar5){ref-type="sec"}, [3.3](#FPar12){ref-type="sec"} and [3.6](#FPar17){ref-type="sec"}.

### Theorem 1.1 {#FPar1}
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                \begin{document}$$z_i,x_j$$\end{document}$ in the region of non-coinciding points. The correlations for the field *T* defined by ([1.6](#Equ6){ref-type=""}) satisfy the Ward identities ([1.8](#Equ8){ref-type=""}).

The content of the article is as follows. In Sect. [2](#Sec5){ref-type="sec"} we recall the definition of the correlation functions ([1.1](#Equ1){ref-type=""}) and formulate and prove the diffeomorphism and Weyl covariance of LCFT on a compact surface $\documentclass[12pt]{minimal}
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Covariant Formulation of LCFT {#Sec5}
=============================

In this section we recall the construction of LCFT correlation functions given in \[[@CR5]\] and extend it to include the diffeomorphism covariance ([1.2](#Equ2){ref-type=""}). Similar discussion can be found in \[[@CR10]\], Sects. [3](#Sec11){ref-type="sec"} and [4](#Sec15){ref-type="sec"}, where the authors work on compact Riemann surfaces with genus 2 or higher, but the cases of the sphere and the torus work almost the same way. The main mathematical objects appearing in the construction are the *Gaussian Free Field* and *Gaussian Multiplicative Chaos* which we need to define in a covariant way. The appendix collects the elementary definitions and notations from Riemannian geometry used in this section.

Gaussian Free Field {#Sec6}
-------------------
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### Proposition 2.1 {#FPar2}
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### Proof {#FPar3}
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Gaussian Multiplicative Chaos {#Sec7}
-----------------------------
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Weyl Invariance {#Sec8}
---------------
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Liouville Expectation {#Sec9}
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Liouville Correlation Functions {#Sec10}
-------------------------------

Choose a local conformal coordinate. We define$$\documentclass[12pt]{minimal}
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### Proposition 2.4 {#FPar7}
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### Proof {#FPar8}
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Diffeomorphism covariance follows from ([2.22](#Equ33){ref-type=""}) in the limit.
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Conformal Ward Identities {#Sec11}
=========================
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Beltrami Equation {#Sec12}
-----------------
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The Stress-Energy Tensor {#Sec13}
------------------------

In this section we give the precise definition of the derivatives ([1.5](#Equ5){ref-type=""}).

### Definition 3.2 {#FPar11}
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### Proposition 3.3 {#FPar12}
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### Proof {#FPar13}
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To avoid confusion with the notations in the following computations, we now carefully explain what the previous result says about the functional derivatives of the LCFT correlation function. Recall that we are denoting $\documentclass[12pt]{minimal}
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For the time being let us consider the variation of these *T*-correlation functions under diffeomorphisms and Weyl transformations.
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Then

### Proposition 3.5 {#FPar15}
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### Proof {#FPar16}
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The second claim follows from the Weyl transformation law in Proposition [2.4](#FPar7){ref-type="sec"} in the following way. Let$$\documentclass[12pt]{minimal}
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Ward Identities {#Sec14}
---------------

In this section we will demonstrate that Propositions [3.3](#FPar12){ref-type="sec"} and [3.5](#FPar15){ref-type="sec"} allow us to compute *T*-correlations inductively. By Proposition [3.5](#FPar15){ref-type="sec"} it suffices to do this in the conformal coordinates. Furthermore, only $\documentclass[12pt]{minimal}
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### Proposition 3.6 {#FPar17}
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### Remark 3.7 {#FPar19}

Using the computations from the proofs of Propositions [3.3](#FPar12){ref-type="sec"} and [3.6](#FPar17){ref-type="sec"} it is simple to check that$$\documentclass[12pt]{minimal}
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We finish this section with a formulation of the Ward identity for the case where the vertex operators are replaced by a smooth version as follows.

### Definition 3.8 {#FPar20}
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Now to get the Ward identities for the observables ([3.52](#Equ91){ref-type=""}) we proceed as in the proof of Proposition [3.6](#FPar17){ref-type="sec"} where the diffeomorphism and Weyl transformation laws from Proposition [3.5](#FPar15){ref-type="sec"} were used. A direct consequence of Proposition [2.3](#FPar5){ref-type="sec"} and the computations in the proof of Proposition [3.5](#FPar15){ref-type="sec"} is that the transformation laws ([3.39](#Equ78){ref-type=""}) and ([3.40](#Equ79){ref-type=""}) in this case take the form$$\documentclass[12pt]{minimal}
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Prospects: Representation Theory {#Sec15}
================================

The Ward identities have well known algebraic consequences. To formulate these note that by iterating ([3.56](#Equ95){ref-type=""}) for $\documentclass[12pt]{minimal}
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Proposition 4.1 {#FPar21}
---------------
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Appendix {#Sec16}
========

We collect here some notations from Riemannian geometry, see for example \[[@CR11]\]. Let $\documentclass[12pt]{minimal}
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Let us denote the inverse of the matrix *g*(*x*) by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g^{\alpha \beta }(x)$$\end{document}$. The reason for the upper indices is that the tensor field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ g^{\alpha \beta } \partial _\alpha \otimes \partial _\beta $$\end{document}$ is invariantly defined. It allows us to define the Dirichlet form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {D}}_g(f,h)&:= \int _\Sigma g^{\alpha \beta } \overline{\partial _\alpha f} \partial _\beta h \, dv_g \end{aligned}$$\end{document}$$and the Sobolev space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^1(\Sigma ,g)=\{f\in L^2(\Sigma ,g):{\mathcal {D}}_g(f,f)<\infty \}$$\end{document}$. The Dirichlet form gives rise to a positive self-adjoint operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\Delta _g$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {D}}_g(f,h)&= -(f,\Delta _g h)_g. \end{aligned}$$\end{document}$$On smooth functions *f* by integration by parts one gets the formula for the Laplace--Beltrami operator as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Delta _g f&= \frac{1}{\sqrt{\det g}} \partial _\alpha ( \sqrt{\det g} g^{\alpha \beta } \partial _\beta f). \end{aligned}$$\end{document}$$The Dirichlet form satisfies the diffeomorphism invariance$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {D}}_g(f,h)={\mathcal {D}}_{\psi ^*g}(f\circ \psi , h\circ \psi ) , \end{aligned}$$\end{document}$$which implies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (\Delta _g f)\circ \psi&= \Delta _{\psi ^*g} (f\circ \psi ). \end{aligned}$$\end{document}$$The Laplace--Beltrami operator has a discrete spectrum $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\lambda _{g,n})_{n=0}^\infty $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0=\lambda _0 < \lambda _1 \le \lambda _2 \dots $$\end{document}$, and a complete (in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2(\Sigma ,g)$$\end{document}$) set of smooth eigenfunctions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(e_{g,n})_{n=0}^\infty $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e_{g,0}$$\end{document}$ the constant function. The property ([4.11](#Equ106){ref-type=""}) implies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} e_{g,n} \circ \psi&= e_{\psi ^* g,n}, \nonumber \\ \lambda _{g,n}&= \lambda _{\psi ^*g, n}. \end{aligned}$$\end{document}$$The zero-mean Green's function is defined by the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G_g(x,y)&= \sum _{n=1}^\infty \frac{e_{g,n}(x) e_{g,n}(y)}{\lambda _{g,n}}. \end{aligned}$$\end{document}$$Then ([4.12](#Equ107){ref-type=""}) implies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} G_{\psi *g}(x,y)&= G_g(\psi (x),\psi (y)). \end{aligned}$$\end{document}$$We can view the diffeomorphisms also passively as changes of coordinates. Then locally we can find a coordinate so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{\alpha \beta }=e^\sigma \delta _{\alpha \beta }$$\end{document}$ with a smooth $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$ (the proof is a small variation of Proposition [3.1](#FPar9){ref-type="sec"}). An atlas of such coordinates defines a *complex structure* on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Sigma $$\end{document}$ since the transition functions are easily seen to be analytic. Indeed, if on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {R}}^2$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g=\psi ^*h$$\end{document}$ with *g* and *h* diagonal matrices then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi (x^1,x^2)=(u(x^1,x^2),v(x^1,x^2))$$\end{document}$ where *u*, *v* satisfy the Cauchy--Riemann equations. We can then introduce complex coordinates $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z = x^1 + i x^2, {\bar{z}} = x^1 - i x^2\,$$\end{document}$ and write tensors using them. E.g. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T=T_{\alpha \beta }dx^\alpha \otimes dx^\beta $$\end{document}$ becomes$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T&= T_{zz} dz \otimes dz + T_{{\bar{z}} {\bar{z}}} d {\bar{z}} \otimes d {\bar{z}} + T_{z {\bar{z}}} dz \otimes d {\bar{z}} + T_{{\bar{z}} z} d{\bar{z}} \otimes dz, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} T_{zz}&= \tfrac{1}{4} (T_{11} - T_{22} - 2i T_{12}), \\ T_{z {\bar{z}}}&=T_{{\bar{z}} z}= \tfrac{1}{4}(T_{11} + T_{22}) \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T_{{\bar{z}} {\bar{z}}} = \overline{T_{zz}}$$\end{document}$. Furthermore, for a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2 \times 2$$\end{document}$ symmetric matrix *f* the formulae for the determinant and the trace in complex coordinates are$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \det f&= 4 f_{z {\bar{z}}}^2 - 4 f_{zz} f_{{\bar{z}} {\bar{z}}}, \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\text {tr}} f&= 4 f_{z {\bar{z}}}. \end{aligned}$$\end{document}$$See for example Sect. 2.9.1 in \[[@CR2]\] for some other basic properties of the complex coordinates.

We denote the scalar curvature of *g* by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_g$$\end{document}$. It is defined by contracting the Ricci tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_{\mu \nu }$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R_g&:= g^{\mu \nu } R_{\mu \nu }, \end{aligned}$$\end{document}$$where the Ricci tensor comes from contracting the Riemann tensor$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R_{\mu \nu }&= R^{\alpha }_{\mu \alpha \nu }. \end{aligned}$$\end{document}$$Finally, the Riemann tensor is defined by the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R^{\alpha }_{\beta \gamma \delta }&= \partial _\gamma \Gamma ^\alpha _{\beta \delta } - \partial _\delta \Gamma ^\alpha _{\beta \gamma } + \Gamma ^\alpha _{\lambda \gamma } \Gamma ^{\lambda }_{\beta \delta } - \Gamma ^\alpha _{\lambda \delta } \Gamma ^{\lambda }_{\beta \gamma }, \end{aligned}$$\end{document}$$where the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Gamma $$\end{document}$'s are the Christoffel symbols$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Gamma ^\alpha _{\beta \gamma }&= \frac{_1}{^2}g^{\alpha \delta }(\partial _\beta g_{\delta \gamma } + \partial _\gamma g_{\delta \beta } - \partial _\delta g_{\beta \gamma }). \end{aligned}$$\end{document}$$As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_g$$\end{document}$ is defined by contractions of the metric and its derivatives, under diffeomorphisms it transforms as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \psi ^* R_g&= R_{\psi ^*g}. \end{aligned}$$\end{document}$$In coordinates where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{\alpha \beta }= e^\sigma \delta _{\alpha \beta }$$\end{document}$ we have the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R_g&= -4e^{-\sigma } \partial _z \partial _{{\bar{z}}} \sigma . \end{aligned}$$\end{document}$$From this together with ([4.18](#Equ113){ref-type=""}) and the existence of conformal coordinates it is easy to infer that in general$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R_{e^\varphi g}&= e^{-\varphi }(R_g - \Delta _g \varphi ). \end{aligned}$$\end{document}$$As an application of these definitions we have the Lemma used in the text:

Lemma 4.2 {#FPar22}
---------
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Proof {#FPar23}
-----
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Note that we are using the scalar curvature $\documentclass[12pt]{minimal}
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Note the slight difference between our proof and the proofs in Sects. 5.1 and 5.1 of \[[@CR2]\]. In \[[@CR2]\] $\documentclass[12pt]{minimal}
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The function *F* also depends on the points $\documentclass[12pt]{minimal}
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